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^ , Abstract. In this paper, we analyze a tamed 3D Navier-Stokes equation in uniform 

C 2 -domains (not necessarily bounded), which obeys the scaling invariancc principle, and 
prove the existence and uniqueness of strong solutions to this tamed equation. In partic- 
ular, if there exists a bounded solution to the classical 3D Navier-Stokes equation, then 
this solution satisfies our tamed equation. Moreover, the existence of a global attractor 
p I ■ for the tamed equation in bounded domains is also proved. As simple applications, some 

well known results for the classical Navier-Stokes equations in unbounded domains are 
covered. 

-I— > 

£: 

1. Introduction 

■ The motion of a viscous incompressible fluid in a domain Q C M 3 is described by the 
Navier-Stokes equation (NSE) as follows (with homogeneous boundary): 

VO : f d t u = z/Au - (u • V)u + VP + f , 



O 

OO 
O 



div(u) = 0, (t, x) e [0, oo) x fi, (1) 



O; [u(t,x) = 0, t^O, xedtt, u(0)=u , 



where v > is the kinematic viscosity constant, u(t, x) = (ui(t,x) } U2(t } x),us(t,x)) 
represents the velocity field, P = P(t,x) is the pressure (an unknown scalar function), f 
is a known external force. 

The study of 3D NSEs has a long history In their pioneering works, Leray [11] and Hopf 
[9 J proved the existence of a weak solution to equation (Til) . Since then, there are many 
papers devoted to the study of regularities of Leray- Hopf weak solutions (cf. PU [T9J [T71 
etc.]). Up to now, one knows that the singular set of the Leray-Hopf weak solutions has 
Lebesgue measure zero (cf. [HI (Hill)- Moreover, a deep result obtained by Scheffer [16] 
and Caffarelli, Kohn and Nirenberg [3] says that the singular set for a class of weak solu- 
tions (satisfying a generalized energy inequality) has one dimensional Hausdorff measure 
zero (see also [12] ). However, the uniqueness and regularity of Leray-Hopf weak solutions 
are still big open problems. 

Most of the source of difficulties to solve equation (TjQ) comes from the nonlinear term 
(u ■ V)u (cf. [7]). In order to counteract this term, the authors in [T5] analyzed the 
following modified (called tamed therein) 3D NSE in Q = R 3 : 

d t u = uAu - (u ■ V)u + VP - ^(|u| 2 )u + f , 
div(u) = 0, t^O, x G 1R 3 , u(0) = u , 
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where |u| 2 := Y^j=i \ u j\ 2 an d f° r N > 

<&(r) := (r — N) • l {r>N} /u. (3) 

The existence of a unique smooth solution to equation (j2J) was proved in [15] when the 
initial velocity is smooth (in Sobolev spaces). The main feature of equation ([2]) is that if 
there exists a bounded solution (say bounded by \/N for some large N) to the classical 
NSE, then this solution must satisfy equation (J2J). Therein, the property that the Leray 
projection operator onto the space of divergence free vector fields commutes with the 
derivatives plays a key role. But, when we consider NSE (jTj) in a domain, this property 
does not hold in general (cf. [T3], p.83-85]). 

In order to deal with the Dirichlet boundary problem and keep the same feature as equa- 
tion ([2]), in the present paper, we consider the following globally tamed scheme (assuming 
f = for simplicity): 

d t u = - (u ■ V)u + VP - g% K {\\u - U\\ 2 J{u - U), (4) 

where HuH^ := sup xgQ |u(x)|, U is a reference velocity field and for k, N ^ 1 

9T( r ) :=K-(r- N)l {r>N} /u. 

Here, k ^ 1 is a dimensionless constant and y/~N has the velocity dimension. 

Let (ujv.Uj p n,u) be a solution pair of equation (Jl]). Simple calculations show that 
(u/v,Uj p n,u) has the following properties: 

(A) (Galilean invariance): for any constant velocity vector v£R 3 

u ;v,u(M) : = u NtV+ir (t,x--vt)+-v, 

P N,u(t> x ) := P N,U+v{t, X - Vt) 

is also a solution pair of equation 

(B) (Rotation symmetry): for any orthogonal matrix Q (i.e. QQ l = I) 

u N,xj(t> x ) '■= Q*Ujv,q*u(*, Qar), 

is also a solution pair of equation (jl]). 

(C) (Scale invariance): for any A > 

u$f tV (t,x) := Au A -2 A r A -i u (A 2 t, Ax), 
P N,v(t,x) := A 2 P A - 2jViA -iu(A 2 t,Aa;) 

is also a solution pair of equation 
These three properties are exhibited by the classical Navier-Stokes equations (cf. [2]). 

Intuitively, when the maximum of the fluid velocity is larger than y/~N, the dissipative 
term (7^ K (||u|| 2 X) )u (regarded as some extra force) will enter into the equation and restrain 
the flux of the liquid. In this sense, the value of N plays the role of a valve. On the 
other hand, when we realize equation (jlj) on a computer, the value of N can be reset as 
an arbitrarily large number along with the process of calculations as long as there is no 
explosion. So, the term involving g u ^ R plays the role of some kind of adjustment. The 
parameter k can be understood as the extent of the extra dissipative force, and will be 
used to give a better estimate for HuH^ in terms of iV (see part (III) of Theorem 12.41) . 

In contrast with equation (j2J), the tamed equation (jlj) in domain Q is global since 
S'jvXIMloo) depends on all values of u in Q. But, better than (j2j), it is easy to write down 
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the vorticity equation: Let u = curlu = V A u. Then 

d t oo = isAlu + (u ■ V)u — (u ■ V)uj — g^ K (||u — U||^,)u;. 

We remark that in pE], Caraballo, Real and Kloeden studied the following globally modified 
NSE in a bounded regular domain Q: 

d t u(t) = Au - min{l, N/\\ Vu|| L2 }(u • V)u + VP, 

div(u) = 0, (t, x) G [0, 00) x Q, (5) 

u(t,x)=0, t^O, xedtt, u(0) = u , 

and they proved the existence of a unique strong solution to this modified equation as 
well as the existence of a global attractor. Nevertheless, equation (jSJ) does not enjoy the 
above properties (A)-(C). 

This paper is organized as follows: In Section 2, all main results are announced. In 
Section 3, we prepare some necessary lemmas for later use. In the remaining sections, we 
shall give the proofs of main results. We want to emphasize that for the proof of existence 
of strong solutions (see Section 4), not using the usual Galerkin approximation, we only use 
the linearized equations and simple Picard's iteration. Moreover, the semigroup method 
used in Fujita-Kato [6j (cf. [17]) will be used to improve the regularity of strong solutions 
(see Section 5). The existence of a global attractor for the evolution semigroup determined 
by equation (jl]) will follow by proving some asymptotic compactness (cf. [U [201 etc.]). 

2. Announcement of Main Results 

Throughout this paper, all M 3 -valued functions and spaces of such functions will be 
denoted by boldfaced letters, and we use the following convention: the letter C with or 
without subscripts will denote a positive constant whose value may change in different 
occasions. 

Let Q be a uniform C 3 -regular domain of R 3 (see [TJ p. 84] for the definition of regular 
domains). Let C§°(f2) denote the set of all smooth functions from Q to M 3 with compact 
supports in fl, and C^ a (fl) C Cg°(f2) the set of all smooth vector fields of divergence 
free. For p > 1, let L p (f2) be the usual M 3 -valued L p -space with the norm denoted by 
II • ||lp(«) = || • ||lp, and L 2 a (Q) the closure of C™ a (Q) in L P (Q). For fceN and p > 1, let 
W k,p (Q) be the space of M 3 -valued functions with finite norm: 

Il u llw=.p(n) := Il u llw=.p := ( ^3 / \V j u(x)\ p dx) < +00, 

\ j=Q Jn J 

where V J denotes the j-th order generalized derivative operator. The space Wq' 2 (J1) 
(resp. Wj'^(n)) denotes the completion of Cg°(f2) (resp. Co° CT (f2)) with respect to the 
above norm with k — 1 and q = 2. 

Let 2? be the orthogonal projection from L 2 (f2) to L^(fi). By A (called the Stokes 
operator) we denote the self-adjoint operator in L^(f2) formally given by 

A := 

More precisely, u e 3>(A) if and only if for some w G Ljj.(fl) (written as Au = w), it 
holds that 

(Vu,Vv) L2 = (w,v) L2 , Wewg(fl). 
In particular, @(Az) = W ' CT (f2) and 

\\A*u\\& = ||Vu|| L2 , u g Wj;J(fi). (6) 
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Moreover, it is well known that (cf. [T7J p. 129]) 

&(A) = w 2 > 2 {tt) n Wj£(fi). 

Since A is a positive self-adjoint operator in L 2 (Q), for a G (—1, 1), the fractional power 
A Q is well defined via the spectral representation. For (3 G [0, 2], define the Hilbert space 

H^fi) := H' 3 := S^/ 2 ) 

with the norm || ■ || Hl s generated by inner product 

(u,v) H , :=(u,v) l2 + (^/ 2 u,^ /2 v)l 2 - 

We introduce the following bilinear form B on Wj'^d) = H 1 : 

B(v,u) := -£»((v V)u). (7) 

Using ^ to act on both sides of equation (jlj), we can and shall consider the following 
equivalent abstract equation 

d t u=-vAu + B(u,u)-g% K (\\u\\ 2 00 )u, u(0) = u . (8) 

We give the following definition of strong solutions to the above equation. 

Definition 2.1. Let u G H 1 . A continuous function 

R + 3 t ^ u(t) G H 1 

z's called a strong solution of equation (TJ]) z/ u G L 2 oc (M + ; H 2 ) and /or all t ^ 

u(t)=u -u [ Auds+ [ B(u,u)ds- / ^ K (||u|| 2 )ud S m L 2 (fi). (9) 

JO ■/ JO 

Our first main result is stated as follows: 

Theorem 2.2. Let Q be a uniform C 2 -domain ofM. 3 . For any Uq G H 1 , there exists a 
unique strong solution u(t) = Ujv(t) to equation (TJJ) in the sense of Definition ^. 1[ which 
satisfies that for any t ^ 

rt 

|2 i o,, / IIV7,,I|2 J-i <s II-., I|2 



||u(t)|| 2 2 +2i/ / ||Vu|| 2 2 dt ^ ||u ||j>, (10) 

J 

||Vu(t)|| 2 2 + z/ / ||Au|| 2 2 dt ^ _||u || 2 2 + ||Vu || 2 2 (11) 
Jo u 

and for some T* = T*(u, Q, ||uo||l 2 ) ond C = C(v, Q, ||uo||l 2 ) 

||Vu(t)|| L2 ^C/Vt, Mt^T*. (12) 



Moreover, letting u^(t) (resp. VM(t)) be the solution of equation (TJ|) with initial value 
uq G H 1 (resp. Vo G H 1 ) and taming function g v ^ K (resp. g^f), we have for any T > 

sup \\n N (t) -v M (t)\\ni + / \\u N - VAfUnids 
te[o,T] Jo 

^ C(u,N,M } ||u ||hi, ||v || h1 ,T) ■ (\N - M\ 2 + ||u - v ||^), (13) 
where the constant Civ, N, M, HuoIIh 1 ) II v o II h 1 ? T) continuously depends on its parameters. 
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Remark 2.3. For T > and N > 1, define 

T T N := {tE[0,T] : H*)^ ^ ViV}. 
By (HUD, (dU) and ([21]) below, we have 



A0Q < l^ T || U ||Ld^^^ T ||u|| H2 -||Vu|| L2 d S ^ 

< • Kjkg • KIIL + IIVuqIIL + ^HuqII^) 1 / 2 

\/2z/iV 

where A(T^) denotes the Lebesgue measure of T^. This gives an estimate of the length 
of the time for which does not satisfy equation (pQ). In particular, 



lim A(T^) = 



which shows that as N goes to infinity, u^r satisfies equation (pQ) at "almost all" times. 

We are now interested in the estimation of ||u||oo in terms of N and prove the following 
result. 

Theorem 2.4. Let Q be a uniform C 2 -domain and u G H 2 . Let be the unique strong 
solution in Theorem \2.°A We have the following conclusions: 

(I) There exist two continuous function K\ : IR+ — > 1R + and K2 : — > R+ snc/i that 
for allt^O andN^l 

||u^)||oo < KM + # 2 (t, f, KM • iV 3 , (14) 

where Ki(t,r), K2(t,i/,r) ^ as t —>■ or u —>■ 00 or r —>■ 0. In particular, for 
T > 0, if one of the following conditions is satisfied, then there is a unique strong 
solution in [0, T] for equation (QJ): 

(i) T is small; (ii) ||uo||h 2 is small; (Hi) v is large. 

(II) Let Q = or be a bounded uniform C 4 -domain and u = Ujy. Then 

u G C([0,oo) x 0;M 3 ) 

and for i,j = 1, 2, 3 

d t u, d t u, didju G C((0,oo) x ft;M 3 ). 

Moreover, for some P G C((0, 00) x ft; R) (to^ J n P(x)dx = Oj, it aoMs t/jat 

<9 t u = Au - (u • V)u + VP - ^(||u||^)u, V(t, x) G (0, 00) x ft. (15) 

(III) Let ft = M 3 and v > 0. For any cc > | ; taere exist k > and two functions 
Ki,a,K, K2, a ,K in (I) such that for all t ^ and N ^ 1 

IK^IU < Kl, a , re (t, HuqIIh?) + #2,a,*(t, ^ KM • JV a . (16) 

Remark 2.5. We do not know whether the a in (III) can be smaller than 1/2. If this 
can be proven, then ([1]) will have a classical solution. In fact, even for a = 1/2, it seems 
also hard to prove ffT6|) . 
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Remark 2.6. Fix T > and N% ^ 1. Define a sequence of real numbers recursively as 
follows: 

N k+1 := sup |K fc (t)||^, kEN. 
te[o,T] 

It is easy to see that equation ([1]) has a explosion solution in [0, T] if and only if 

iVi < N 2 < N 3 < ■ ■ ■ < N k -> oo. 

The strict monotonicity is clear. Assume that lim^oo N k = N^ < oo. By the continuous 
dependence of u^r with respect to iV (see (JTBl). we have 

lim sup ||ujv„(t) - ujVoo(*)ll« = °- 

fc ^°°t€[0,T] 

Therefore, 

A^oo = sup Hu^WIlL < oo, 

te[o,T] 

which implies that u^CO satisfies ([I]), no explosion. 

For u G H 1 , let {u(i; u ); t ^ 0} be the unique strong solution of equation which 
defines a nonlinear evolution semigroup: 

S(t)u := u(t; u ) : H 1 -> H 1 . (17) 

By Theorem 12.21 {S*(t);t ^ 0} has the following properties: 

(i) S(0) = I identity map on H 1 ; 

(ii) S(t + s) = S{t)S{s) for any t, s ^ 0; 

(iii) [0, oo) x H 1 3 (t, u ) i— > 5'(t)u G H 1 is continuous. 

Definition 2.7. ^4 compact subset A C H 1 is called a global attractor of the evolution 
semigroup {S(t);t ^ 0} i/ 

(zj .4 is invariant under S(t), i.e, for any t > 0, S(t)A = A; 
(ii) A attracts all bounded setlA C H 1 , i.e., 

lim p(S(t)U,A) = 0, 

t— >oo 

where p(Ai,A 2 ) ■= sup ug-4i inf ve ^ 2 ||u - v|| H i. 

We have the following existence of global attractor s of {S(t),t ^ 0}. 

Theorem 2.8. Let Q be a bounded uniform C 2 -domain ofM 3 . Then there exists a global 
attractor Ac H 1 to {S(t);t ^ 0} defined by (fT7|). 

3. Preliminaries 

In this section, we collect some necessary materials for later use. The following lemma 
is from [8j Lemma 6]. 

Lemma 3.1. Let <fi : M + — > K + be an absolute continuous function and g : K+ — > R+ a 
locally Lipschitz continuous function. Suppose that A := J °° <p(t)dt < +oo and g((p) ^ acj) 2 
for (f> ^ P, where a, /3 > 0. If 

then for t ^ (A//3) exp(aA) 

0(t)^(e QA -l)/(at). 
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Let {E\, A > 0} be the spectrum decomposition of A in L 2 (0). The Stokes semigroup 
is then defined by 

POO 

e- tA := / e~ tx dE x , 



and for a G [—1,1], A a is given by 

A a := / A'ViF\. 



The following lemma is easily derived from the above representations (cf. [TT]). 
Lemma 3.2. (i) For any a G [0, 1] and u G L 2 (f2), we have e~ tA u G £)(A a ) and 

\\A a e- tA u\\ L 2 < ^ Q ||u|| L2 , Vt > 0. 
^ For a// u G andt^O 

A Q e~ M u = e~ tA A a u, \\e~ tA u - u|| L 2 ^ C a t Q p Q u|| L 2. 
fm,) For any 0<a<7</5^1 and u G ^(A 13 ) 



7 — a 0—1 



UMu < ll^u|l£ a ■ II^IIl^ < 2— + ^-^ll^u|| L2 . 

p — a p — a 

We recall the following well known results (cf. [T71 Lemma 2.4.2 (p. 142), Lemma 2.5.2 
(p.152) and Lemma 2.4.3 (p.143)]). 

Lemma 3.3. (i) For a G [0, 1/2] and q = 3 _ 4 , there exists a constant C = C(a,q) > 
such that for any u G H 2a 

||u|| L 9 < Cp a u|| L 2. (18) 

(ii) For a G [0, 1/2] and q = there exists a constant C = C(a, q) > such that for 

any u G L q (Q) 

\\A- a ^u\\ L 2 <: C||u|| L ,. (19) 

(^mj For a G [1/2, 1] ana 1 q = 5 __ 6 4a , tnere exists a constant C = C(fl,a,q) > siic/j taai 
for any u G H 2 ° 

||u|| w m ^ C(p a u|| L2 + ||u|| L2 ). (20) 

This lemma has the following conclusions. 

Lemma 3.4. Let Q be a uniform C 2 -domain. For some Cq > and any u G H 2 (f2) 

H u lliU(n) ^ C n ■ ||u|| H 2(fi) • ||Vu|| L 2(n), (21) 

and for | < a ^ 1, some C a> n > and any u G H 2a (Q) 

||u|| L <»(n) < C a , n ■ (\\A a u\\ L 2 {n) + ||u|| L 2 (n) ). (22) 

Proof. Since Q is a uniform C 2 -domain, by pQ p. 154, Theorem 5.24] there exists a 
bounded linear operator F : W fc,p (fi) 1— > W fc ' p (R 3 ) such that Fu = u a.e. on Q. Recall the 
following Gagliardo-Nirenberg inequality (cf. [5], P-24, Theorem 9.3]): Let 1 ^ p, q ^ 00 
and a G [0, 1] with p 7^ 3 and 

I = a (I_I] + (i_ a )i. 

r \p 3/ g 
Then, for some C = C(r,p, q) and all u G W 1,P (R 3 ) n L q (R 3 ) 

IIuIIl^R 3 ) ^ Cllullw^HR 3 ) ' II U IIL(R 3 )- ( 2 ^) 



Thus, by (ITHjl we have 

ll U llL-(n) < ll^ U llL-(R3) ^ C||£u|| W 2,2 (R 3) ■ \\Eu 
^ Cn|| u ||w 2 . 2 (n) • || u ||L B (n) 

^ Cn||u|| H 2(n) • ||A2u|| L 2 (Q) 

and for q = ^ > 3 

||u||l°°(c) ^ H-EuHloo^s) ^ C g ||£'u|| w i,«( R 3) ^ C , <?; n||u||w i ''?(n) 
121 

^ C a ,Q ■ (||^ a u|| L 2(Q) + ||u|| L 2( Q )). 

The proof is complete. □ 



The contents below in this section are only used in Section 5. 
emma 3.5. For some C, Cq > and all u G H 2 = @(A), we / 

i . 1 „ / xn „„ . 1 ,,0 



Lemma 3.5. For some C, Cq > and all u G H 2 = St(A), we have 

||A-is(u,u)|| L2 < C||Alu|| 2 2, (24) 
||S(u,u)|| L2 < ^(pfull^ + Hull^). (25) 
Proof. By Holder's inequality, we have 

m m 1 9 

\\A-*B(u,u)\\v < C||(u- V)u|| L3 /2 ^C||u|| L6 • ||Vu|| L 2 <C C\\A*u\\l 2 

and 

||5(U,U)|| L 2 < || (U ■ V)U|| L 2 ^ ||U|| L 12 ■ ||u|| W l,12/5 

120} 

< Cn||u|| ^ C n (||^u|| 2 2 + ||u|| 2 2 ), 

where the third inequality is due to W 1,12 / 5 (fi) C L 12 (f2). □ 

Lemma 3.6. For any | < 7 < (3 ^ 1, there are three positive continuous functions 
F U F 3 :M. 2 + ^ R + and F 2 : M + -> M + snc/i tficrf /or a// u, v G H 2/3 

||B(u, u) - B(v, v)|| L2 + ||$"(||u||S> - ^(IIvIDvIIl 2 

< F 1 {\\n\\^ , ||v|| H ^) • ||^(u - v)|| * ■ ||u - v|| J* 

+F a (||u|| HW )-||^(u-v)||g.||u-v||^ 
+F 3 (||u|| H 2 /3 , ||v||h 2 ^) ■ ll u - v I|l 2 - 
Proof. Note that by (iii) of Lemma 13.21 

||V(u-v)|| L2 = |L4i(u-v)|| L 2 *C ||^(u-v)||g ■ ||u-v||^ 

and 



(22) 

Hu-vlU < Cn(P 7 (u-v)|| L 2 + ||u-v|| L 2) 

< C n (\\A (u - v)||£ ■ ||u -v|Ljf + llu - v|| L2 ). 
The result now follows from 

||S(u,u) -B(v,v)|| L2 *C lluHoo • ||V(u-v)|| L 2 + Hu-vlU- ||Vv|| L 2 

and 

lkv K (ll u llL) u - ^ k (II v IIL) v IIl 2 ^ ~H U ~ V H°° ' dl 11 !! 00 + H V H°°) ' II v IIl 2 
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+ -|| U llL • I|U- V|| L 2. 

□ 

We introduce some notations. Let / be a closed interval of t, and let X be a Banach 
space. By C(J; X) we denote the set of all continuous X- valued functions defined on /. For 
< 9 < 1, C (I; X) means the set of all functions which are strongly Holder continuous 
with the exponent 9. If I is not closed, v G C (7;X) means that v G C (Ji;X) for any 
closed interval ii contained in /. 

The following lemma is easily deduced from Lemma [3.21 (cf. [51 [Ti]). 

Lemma 3.7. For T > 0, let f : [0,T] i— > H° = L 2 (£7) fre continuous and consider 

w(t) := / e~ ( '- s)A f(s)ds. 
Jo 

(i) For any ^ a < 9 < 1 

^weC w ([0,T],H°), ||A Q w(t)|| L2 ^C^-t 1 - - sup ||f(s)|| L2 . 

se[o,r] 

fwj I/f £ C([0,T],H°) fl C a ((0,T],H°) /or some a G (0,1), iaen /or any < 9 < a 

Aw G C e ((0,T],H°), d t w G C((0,T],H 2e ). 

Moreover, (0, T] can 6e replaced by [0, T] m the above condition and conclusions. 

Proof. The first conclusion is direct from Lemma [3.21 For the second, fixing 5 G (0,T), 
we write 

w(t) = e- ( '- 5)A w((5) + y e- ( *- s)A f(s)ds =: tf*(t) + 
It is easy to see that 

#,(■) eC°°((5,T],H ) 

and 

t $,(t) = e-^ A f(t) - j l Ae'^ A {i(s) - f(t))ds 

= -A$ 5 (t) + f(t), 5^t^T. 

(ii) now follows from Lemma [3.21 □ 

For a G [0, 1], let W fc+ °' 2 (f2) be the complex interpolation space between W fc ' 2 (f2) and 
W fc+1 ' 2 (f2). The following lemma is easily derived by [19, p. 23, Proposition 2.2] and the 
interpolation theorem (cf. [2"Tj). 

Lemma 3.8. Let fceNU {0} and Q C M. 3 be a bounded domain of class C k+2 . For any 
f G W Q ' 2 (fi) ; < a ^ k, there exist unique functions u G W 2+a ' 2 (fi) and P G H/ 1+Q ' 2 (fi) 
fwif/i j Pdx = 0), which solve the following Stokes problem in the distribution sense: 

uAu = VP + f, div(u) = 0, u\ dn = 0. 

Moreover, there exists a constant C a , u > such that 

||u|| W 2+ a ,2(Q) + ||P||vF 1 + a! ' 2 (r2) ^ C a ^ u ■ ||f ||w q ' 2 (q)- 
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4. Proof of Theorem 12.21 
In this section, we use the following equivalent norm in H^ 3 ((3 G [0, 2]) 

||u|| H * = \\(I + A)V 2 u\\v, ueH' 3 . 

We first prove: 

Lemma 4.1. For any u, v,u', v' G H 2 we have 

(Bin', u) - <%> (Hu'llDu - fl(v', v) + ^(llv'UDv, (/ + A)(u 



3v 
T 1 



v 



< — l|u - v||^a + -||U' - v'11^2 + 



kN 



w 



H 1 



+^II u, - v 'IIh 1 -((i + 4k)||v|| 2 11 + k ||u|| 2 11 



2 \2 



Proof. Set 



w = u — v, w' = u' — v', 



and write (1261) as the following four terms' sum 



h 
h 
h 
h 



(S(u / ,w),(/ + A)w) L2 , 
( J B(w',v),(/ + A)w) L2 , 
-(^ K (ll^llL)w,(/ + A)w) L2 , 

-« K (KID - ^(KIDK (/ + A)w) L2 . 



By a& ^ ^a 2 + ^5 2 , we have 



/l ^ 


\\B(u' : 








2> 










<; 


-IK 




2z/ M 1 



— w 

2" 



|2 

Ih 2 



and similarly, 



2 



h^\\W\\U\^\\h + \\\M\m- 



For I 3 , by g v ^ K {r) ^ ^(r — iV) we have 

/a = -^(llu'irj-IIU + ^^wll 2 , 



< --KIIL-Ilw 



w 



H 1 • 



For J 4 , by |^ K (r) - ^ K (r)| ^ *|r - r'| we have 



ft 



la ^ -llw' 



u 



K n /i 



u 



+ llv'Hoo) 
lloo + llw'l 



V 

Ik 
v 

K . 

+ - 
V 

K 



|v||m • II w IIhi 
,) • ||v|| H i • ||w|| H i 



IuIIooIMIhi) ■ (IIw'HooIIvIIhO 



W 



< 2^l|u'||»||w||^i + — II w 'IIxII v IIh' 



l\\2 



V Hi • W Hi 



2k, 



ni2 



7^ 



ft 



'l|2 



--Il w lloo • II v IIhi • UI u IIhi 
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Combining the above calculations, we obtain 

3za. „, kN m ii9 (1 — k) „ ,„n ,, M o 

h + h + h + h < + — • II w IIhi + ^t^II u Wlo ■ IIHIhi 

+^II w 1IL • ((! + 3k )II v IIhi + k II v IIhi ■ I|u||hO 

3z/ ll II 2 «W 2 , (!-«) „ 2 2 
< ^ll W ll H 2 + — • ||w|| H i + ^ ||u |L ■ ||w|| H i 

+^||w , ||hH|Vw'|| l2 • ((1 +4k)||v||^i + k||u|&i) 
3z/„ ll2 i/„ , ll2 /ciV ii2 

^ -jII w IIh2 + gll w Hh? + — • ll w ll H i 

+^I|w'||^-((1+4 k )||v||^+k||u||^) 2 , 
which produces the desired estimate. □ 

4.1. Proof of Existence. Let v G CQO.oo);!! 1 ) n L 2 oc (M+;H 2 ). We first consider the 
following linearized equation: 

d t u = -uAu + 5(v, u) - ^(IMlLK u(0) = u G H 1 . 

By the standard theory of PDE, there is a unique strong solution u to above equation 
with 

uGC([0,oo);H 1 )nLL(R + ;H 2 ). 

Let us construct the approximation sequence of equation (jEJ) as follows: Set Ui(t) = 0. 
For k = 2, 3, • • • , let 

u k (t) G C([0, oo); H 1 ) n Ll c (R +] H 2 ) (27) 
solve the following equation 

d t u k = -uAu k + B(u fc _i,u fc ) - ^ K (||u A ._ 1 || 2 x3 )u fe , u fc (0)=u . (28) 
Firstly, note that 

(Au fc ,u fc ) L2 = UVufcll^ 

and 

(S(u fc _i,Ufc),Ujfe) L 2 = -((ujfe_i • V)u fc ,u fe ) L 2 = -^(divu fe _i, |u fc | 2 ) L2 = 0. 



By the chain rule, we have from (1281) that 

d||u fc || 2 2 /dt = -2z/||Vu fe || 2 2 - 2^R_ 1 || 2 )K|| 2 2 < -2^||Vu fe || 2 2 . (29) 
Integrating both sides of (12"9"|) yields that 

\\u k {t)\\l 2 +2u [ ||Vu fe || 2 2 dt *C ||u || 2 2 , Vt^O. (30) 
Jo 

Secondly, for any T > we have 



/ l^ K (l|u fc -i|| 2 JM|u fc ||^dt<^ sup \\u k (t)\\h [ K-illid* 
Jo ^ te[o,T] Jo 

^ C- sup • sup ||u fe _i(i)||jji / ||u fc _i||H 2 dt < +oo 

te[o,T] te[o,T] Jo 
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and 



[ \\B(u k ^,u k )\\l 2 dt < C I llu^ll^HVufcll^dt 
Jo Jo 



< C / l|u fc -i||^-||Vu fc || 2 dt < +00. (31) 
Jo 

Thus, recalling H° = L 2 (f2), from fl28|) one has 

ftu*GLL(M+;H°). 

Consider the evolution triple 

H 2 C H 1 C H°. 

By the chain rule (cf. [19, p. 176, Lemma 1.2]) and Young's inequality, we have 



ld||Vu fc || 



2 

L 2 



dt 



-u\\Au k \\l2 + (5(u fc _i,u fe ),Aujt) L2 -^(ll u fc-i|lL)ll Vu fc||L2 

^ -^p Ufe || 2 2 + -Lnu^iiLllVu.ii 2 , - ^ K (K-illl)llv Ufe ||L 

< -^ll^|| 2 2 + ^^llu.-illLllVu.HL + ^||V Ufe || 2 2 , (32) 
where the last step is due to 

Stir{r)>~{r-N). 
Integrating both sides of fl32|) and using fl30l) and k ^ 1, we obtain 

l|Vu fc (t)|| 2 2 + ,/ f ||Au fe || 2 2 d S < ^||u || 2 2 + ||Vu || 2 2 , Vf > 0. 
Jo ^ 

Now set 

w fc , m (t) := u fc (t) - u m (t). 

Then 

— l.m— 1 ? V m ) 

-9N K (\\ U k-l\\lo)™k,m ~ [gN K (\\ U k-l\\lo) -^ K (l|Vm-l||L)] V r, 

Again, by [T9~| p. 176, Lemma 1.2] and Lemma [4.11 we have 
ld||w fc 112 



(33) 



m. || hi _ 11 ||2 . || ||2 

- — — ^||Wfc 5?n || H2 + ^||Wfc jm || H i 



dt 

+ ( J B(u fe _i, w fcjm ), (I + v4)w feim ) L2 

— l,m— 1 ; 

),(/ + A)w fc , m ) L2 (34) 
-#7v K (ll u fc-illL)( w fc,"M + ^)w fc 

ll U fc-l||L) -^ K (ll V m -lllL)]( V m> W fc,m) H l 



Z/ 2 Z/ 2 K ^\n ||2 
^ -Tll w fc,m|| H 2 + o ll w fc-l,m-l|| H 2 + (^H )ll W fc,m|| H i 

4 o V 

+ ^||w fc _i im _i||Hi ■ ((1 + 4«)||ujfc||Hi + /«||u m ||Hi) 2 . (35) 



V 

Integrating this inequality and using (|30|) and (133]) . we get 

-t 



c 

\ w k, m (t)\\ni + - ||w fcim ||H 2 ds 
z Jo 
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7 / \\w k -i,m-i\\H2ds + C V}N / ||w fcim ||Hids 
4 Jo Jo 

+Ci/,AT,||uo|| H i ' / || w ft-l,m-l||Hlds. 

Jo 



Set 



h(t) := lim sup ||w fcim (s)" 2 



and 

/(t) := lim / ||w fc>m |||pds. 
Then by ( |30l) . (|33|) and Fatou's lemma, we have 



4 



/(*)<t/(*) + ^]|uo|| h1 / h(s)ds 



and 



M*) < t/(*) + C^,iv,||uo|] H i / H s ) ds ^ 2C v,n,\\u \\ h1 g(s)ds. 

4 JO JO 

Hence, by Gronwall's inequality we have 

= /(t) =0, Vt > 0. 

Thus, there exists a function u G C([0, oo); H 1 ) fl L 2 oc (M + ; H 2 ) such that for any T > 

lim sup ||ufc — u||hi + h m / ||ufc(s) — u(s) Hj^ds = 0. 

Lastly, taking limits k — > oo for 

u fc (f) = Uo-/ Au k ds+ B{u k -i,u k )ds - 5f(||u fc _ 1 ||^ )u fc ds 

and inequalities (1501) and (155]) . we can see that u(t) satisfies (0), (TTU]) and (ITT]) . 

4.2. Proof of Decay Estimate ( I12j) . Following the method of Heywood [Sj, by the 
chain rule and [H p. 649 (14)], we have 

<1||VU " LJ = -2z.pu|| 2 2 +2(5(u,u),Au) L2 -2^(l|u|lL)l|Vu|| 2 2 



dt 

= -u\\Au\\l 2 + a.nllVull*, + C' ||Vu||£ 2 . 



Note that 



/oo II ||2 

||Vu fe || 2 2 dt < » =: A. 

In Lemma E?U if we take <f>(t) = ||Vu(t)|| 2 2 , f3 = l/(C£ >n A) and a = C Vi n + 1/A, then 
for i ^ (C^A)e c ^ A+1 = T*. Thus, (JJ) follows. 
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4.3. Proof of Continuous Dependence ( I13j) . Set 

Wjv,m(*) := ujv(t) - v M (*)- 
Once again, by the chain rule (cf. [T§J p. 176, Lemma 1.2]) we have 

1c1||w W> m||hi I, M 2 ,|| 1 1 2 , /□/ \ v 

2 ^ ~~ — ||Wjv,JW ||h 2 + IIw^mIIh 1 + \^{ U N, Wjv,Mj, WjVjM/h 1 

+(-B(wjv,Af, vm), wat,m) h i ~ ^"(II^II^IIwjv.mIIh 1 
-WfllutfllL) - 9n K (\Wm\\Io)](vm,Wn,m)iii 
- [9n K (\\vm\\Io) - 9 V m (II v m||L)] (vm, Wjv,m) h i- 

Noting that 

|^»-^(r)K^|AT-M|, Vr^O, N,M>1, 
as in the proof of existence, by Lemma 14.11 and Young's inequality we find that 

ld||wjv,Af||Hi / V \\ n2 ,/ , kN \u n2 

2 ^ < -gll w ^Mll H 2 + \y + — )II w W,m||hi 

+— ?||wtv,m||hi • ((l + 4«)||u iV ||f I i + k||v m ||^i) 2 
H — \N - M\ ■ ||v M || L 2 ■ ||wat,jw||h2 



V 

013) CEH 



^ — ttIIw^mIIh 2 + Cj^a/.uo.voIIwa^mIIh 1 + C U)VQ \N — M\ 2 
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where C„ )V0 = 4k 2 || v II ls /z^ 3 , 



and 

_ ftiV 2 2 

^y,jv,uo :_ ~^2~II u oIIl 2 + HuoIIh 1 - 
The estimate (TT3]) now follows by Gronwall's inequality. 

5. Proof of Theorem 12.41 

5.1. Proof of Part (I). Let u(t) be the unique strong solution of equation (jSJ). By 
Duhamel's formula, we may write 

u(t) = e- At u + [\-^ A B(u,u)ds- [\-^ A g^(\\u\\l)u^ 
Jo Jo 

=: Wi(t)+w 2 (t)+w 3 (t). (36) 
First of all, it is clear that Wi G C°°((0, T]; H 2 ) and 

\\Aw 1 (t)\\ L2 < ||Auo|| L2 . (37) 
For W2(t), by (i) of Lemma [3.21 we have 

||Afw 2 (t)|| L2 ^ J pi e - (t - s)A A-35(u,u)|| L2 ds 

JO (t — s)e Jo (t—s)s 

EU 

^ CnK„ tN , U0 -r*, (38) 
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where 

For Ws(t), recalling ([6]) and by Lemma [3. 2 [ we have for a G [1/2, 1) 

-t 



K v , N , Uo := — — 1 1 u ] | 2 + ||Vu || 2 . 



P a w 3 (t)|| L2 < / ^(l|u||L)-P Q e' ( '- s)A u|| L2 d S 
Jo 



J0 (t — S) a 2 

ED ^ i 

Cn / ||u|| H2 • ||Vu|| 2 2 . ds 

Jo (t — Sj 2 

< C„ /* ||Au|| L2 • ||Vu||| 2 • ^ds 

Jo (t - S) a ~2 

ft 1 

+C n / ||u|| L2 • ||Vu|| 2 2 • — r ds 

Jo (i - s) 2 



= :/i+/ 2 . 
By (ITUj) . (TTTT) and Holder's inequality we have 

»* \ 1/2 



and 

i / /"* \ 1/2 

/a < CnlluollL^^t 1 - (j( ||Vu( S )|| 2 2 d s J < C^\\l 2 K l J 2 N ^ 

Hence 

||^w 3 (t)|| L 2 < C n (||u || 2 j2 < / J ? jU0 + < i J, Uo ) 
Combining (PJ, (|3?D, fl38D and ([39]), we find that 

||ASu(t)|| L 2 ^ P8U || L 2+C^ ,iV,uo • ^ 8 

+c n (iiuoii^5 iUO +ki;q 

=: M {t,v,N,u ) 

and by ^ and (fTUD 

||fi(u(t),u(t))|| L 2 <= C n (\\Alu(t)\\l + \\u(t)\\l) 

< C n -(M (t,iV,Uo) 2 + 11^11^). 

By (1°) of Lemma [3.71 we have for any | < 7 < 1 

||^u(£)|| L2 < ||^u || L2 + Cn-(M (t,^,iV,uo) 2 + ||u || 2 2 )-t 1 - 
+Cn(||u || 2 2 < / i ? )U0 + < 7 ? iU0 )-t 1 

which then yields the estimate by ( |22l) . 
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4-7 



5.2. Proof of Part (II). In this subsection, we assume Q = M 3 or Q is a bounded 
uniform C 4 -domain. Our proof is concentrated on the case of bounded domain. Clearly, 
it also works for Q = M. 3 . 
Below, fix T > and set 

f(a) :=B(u(s)Ms))-9T(\Hs)\\loMs). 

Then by Lemma ESI and ([23), (HOjl 

[0,T] 9sh f(s) g H° = L 2 (fi) is continuous. 

By (i) of Lemma [3.71 we have for any (3 G (0, 1) and < 6 < 1 

uG C e ([0,T],H°)nC([0,T];H 2/3 ). (41) 

Thus, by Lemma [3761 and ( l22l . for any | < 7 < /3 ^ 1, there are constants Ci, C 2 , C 3 > 
such that for all t, s G [0, T] 

||f(t)-f( S )|| L2 < C 1 -||^(u(t)-u( S ))||J.||u(t)-u( S )||^/ 

+C 2 .K(u(0-u( S ))|g.||u(t)-u( S )||^ 

+Or ||u(t)-u(s)|| L2 . (42) 

Choosing /3 close to 1 and 7 close to | and using (|4"U|) and (JUJ), we find that for any 
< a < ~ 

f G C Q ([0,T],H°). 
Thus, by (ii) of Lemma 13.71 and fl36l) we have, for any < a < 4 

Au G C a ((0, T], H°), d t u G C((0, T], H 2a ) 
Using induction and (l42l) with /3 = 1 as well as (I4T1) . one finds that for any n G N and 

o<«<i-(I) n+1 

f G C a ((0,T],H°) 

and 

Au G C a ((0, T], H°), d t u G C((0, T], H 2a ). 
In particular, by H a C W a ' 2 (f2) for a G [0, 2] we have 

uG C a ((0,T],W 2 < 2 (ft)), d t uG<7((0,T],W 9 / 5 ' 2 (O)). (43) 

Set 

b(t) :=( U (t)-V)u(t)+^(ll^)llL)u(t). 
As in the proof of Lemma I3.6[ it is not hard to verify by (|43|) that 

b(*)e(7((0,T];W 1 ' 2 (n)). (44) 
Consider the Stokes equation: 

i/Au + VP = d t u + b in Q, 
du = in Q, u\qq = 0. 

By f|43|) . f|44l and Lemma [3781 with a = 1, we have 

u(t)GC((0,T],W 3 ' 2 (fi)). 

As above, a simple calculation shows that 

b(^C((fl,T];W 2 ' 2 (n)). (45) 
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By (143]) . (I4"5l) and Lemma [3751 with a = | again, we further have 

u(t)GC((0,T],wf- 2 (l])) (46) 

and 

P eC({0,T},W^' 2 {Q)). (47) 

By ( 1431) . (1461) . (j47|) and the Sobolev embedding theorem (cf. [HI Theorem 4.6.1]), we 
finally obtain that 

d t u, diu, didju, P e C((0,T] x Q;R 3 ) 

and fTT5l) holds. 



5.3. Proof of Part (III). In this subsection, we assume Q = M 3 . 

Lemma 5.1. For fixed q ^ 2 and r ^ 1, t/iere exists k := /t(g) := Cg 4 ; where C is a 
universal constant, such that for any N ^ 1 and t ^ 



K(*)llw< HIIE. + — / |K||£,d* 

^ Jo 



(46 



and 



t ||u^||L-||u^||L,d^-||u |r L9 + 2iV / llu^H^d.s. (19) 



Proof. Let u := u^. Taking the scalar product for both sides of equation (1151) with 
g|u| 9_2 u, and then integrating over M. 3 , we find by the integration by parts formula 

dt L q L 



+g(VP,|u|^ 2 u) L2 -g-^(||u|| 2 )||u^ 



where we have used that 

g((u ■ V)u, |ur- 2 u) L2 = (u, V|u|"/ 2 ) L2 = 0. 
Let / be an increasing smooth function on [0, oo). We further have 

d/(||u||L0 = f( || u ||£jr_ H || Vu || u |( 9 -2)/2||2 2 _ 4(g-2)r/ ||v|u|g/2|| , 2 



dt 



+g(VP, |ur 2 u) L2 - q • ^ K (l|u||L)l|u||Lj • (50) 
On the other hand, taking the divergence for equation ffT5l) we have 

AP = div[(u- V)u], 

which gives 

P = -(-A)-Miv[(u • Vu)] = -(-A)" 1 ^^ ■ u j ). 
So, by the Calderon-Zygmund inequality we get for any 7^2 (cf. [18]) 

\\P\\Li<Cx->y ||u|| 2 27 , (51) 

Here and below, Cj, i = 1,2,3 are universal constants. Thus, by Young's inequality and 
Holder's inequality we have 

q(VP, |u| 9 - 2 u) L2 = q(P, |u| 9 - 2 divu) L2 + q(P, V|u|«- 2 • u) L2 

^ qu\\\Vu\ ■ |u|^ 2 )/ 2 || 2 2 + ^|||P| ■ |u|^- 2 )/ 2 ||i 2 
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C 2 q 3 



u 



9-2 
L9+ 2 



^ g i /|||Vu|-|u|^- 2 )/ 2 ||^ + 
f 1 gHI|Vu|.|u|(- 2 )/ 2 || 2 2 + ^||u||^ 2 



ll^ll 



L(9+2)/ 2 



^ qu\\ |Vu| ■ |u 

Substituting this estimate into ( 1501) . we get 
d/(||u||L) , 4( ff -2)i/. 



(?-2)/2||2 

Hl 2 



C 3 g 5 



!u||L-||u l19 



hi- 



dt 



+ 



/'(iiu||^)-nv|ur/ 2 ii 2 2 



^/'(l|u||^ 



C 3 q 5 



■ \m\oc- \\ u \\h -q-9n (\\ u \ 



oo)\\ U \\ii 



Now noticing that 



we find that if 



v K , \ K(r — N) 
9n {t)>- r>0, 



v 



k = 2C 3 q 4 



(52) 



then 



df(\\u\\l q ) , 4(9-2)1/. 



df 



+ 



9 



r(iiu||^)-iiv|u|^ 2 n 2 2 



< /'(||u| 



Li) 



qn 



qn 



— ■ N ■ ||u||l<j — — • Hu 



u 



L9 



(53) 



v 2v 

Lastly, taking f e (x) := (e + x) r ^ q in ( |53l) . then integrating with respect to t and letting 
e | yield @EJ and (J49]). □ 

Lemma 5.2. Fzx r ^ 1 and go ^ 2. Let u € H 2 , and set N := CHuqII^ /or some 
universal constant C. There exists Uq := no(i>, N , q , r ) /arge enough such that for all 
n ^ n , N ^ iY V 1 and t ^ 



K 1 WIIlso+^o«a <2JV*»+u + 2JV*»+n> 



I u jV II L g o 



2n + rQ 



(54) 



where k„ = 2C 3 • [{2n + r )g /^o] 4 ( see $2M) )- In particular, there is an n := n (z/, N ) 
large enough such that for all n ^ no, N ^ iVo V 1 and t ^ 



u 



L6(n+1) ^ 3N 2 . 



(55) 



Proof. Let u := Ujy. First of all, by the Gagliado-Nireberg inequality (|23|) . there is a 
universal constant Co ^ 1 such that for any q ^ 2 



Define 
and 

Then we have 



|uo||l* < l|u ||L~ 2/9 ■ WMh" < Co||uo||h| =: iV 1/2 . 



g n := g n _i + 2g /r = (2n + r )q /r 
r n ■= r q n /q = 2n + r . 



(56) 



liill r " +1 Hs < 
I u IIl 9 "+ 1 ^ 



u 



lull?" ds 



oo II ~-|lL9n 
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2v r 

(by (g9D) < || Uo ||^„ + 2iV / HIEuds 

(by r n K(q n ) ^2) ^ + 2iV / ||u||£„ds 

Jo 

n rt 

(by iterating) < v V(2iV) fc ||u Q ||^ + (2iV) n+1 / ||u||£> ds 

fc=0 Jo 
n ~t 

(by §nD ) ^ z/^(2iV) fc -iV r "- fc/2 + (2A^) n+1 / ||u||^ ds 
v{{2N) n+1 N™ /2 - N£ +1+ro/2 ) 



k=0 

(by r n = 2n + r ) 



2iV-iVo 

rt 



+ (2N) n+1 [ \\u\\ r L % ds 
Jo 

(by N > N V 1) < ° [ N ) + (2N) n+1 J \\u\\^ ds. 
Hence, by gHD 

K*)IIEi. < IWBH+ rM<ln)-K /2 (2N) n 

+ r ^ (g " )iV • (2N) n f \\u\\ZAs. 
v Jo 

Now taking the root l/r n and noting that 

lim M<ln)) 1/rn ^ lim (2C 3 r n g^) 1 /- = 1, 

n^oo n^oo 

we obtain the desired estimate (|54|) . 

As for (1551) . it follows by taking r = 2 and go = 6 in (1541) and noting that 

03 /•* ogb c 



y ||u||£.da < Cjf ||V U || 2 2 d S ^ — lluoll^- 



The proof is complete. 

We are now in a position to give 

Proof of (USD: By ([2D]), (BOD and ([IDD we have 

|K(t)|| wM ^ C(P 7 / 8 u^(t)|| L2 + ||u^(t)|| L2 ) 

^ CP 7 / 8 u || l2 + C ■ (M (f, u, N, u ) 2 + ||u ||^) • t 1/8 
+^(||u ||^< / J ? jU0 + <^ Uo ) ■ t 1 / 8 + C||u || L2 . 

By the Gagliado-Nireberg inequality (|23|) and (1551) . we have 

2 n+1 

|K(t)|U < C\\n%(t)\\^! A " IK(*)ll£&*i>- 
Letting n be large enough, the estimate ( 1161) follows from ( |55|) and ( 1581) . 
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6. Proof of Theorem 12.81 

We need the following simple lemma. For the reader's convenience, a short proof is 
provided here. 

Lemma 6.1. Let (X, || • ||x) be a uniformly convex Banach space and K C X. Then K is 
relatively compact in X if and only if there exists a family of finite dimensional subspaces 
{X n ,n eN} o/X such that 

sup sup ||il n x||x < +oo (59) 

and 

lim sup IL n )x\\ x = 0, (60) 

where U n is the projection operator from X to X n , i.e., Ii n x G X n is the unique element 
such that 

\\x - n„s|| x = inf \\x - y\\%. 

V&Ln 

Proof. ("Only if":) Let K be relatively compact in X. For any n G N, there are finite 
points {xi, ■ ■ ■ , x m } C K such that 

K C UT =1 B 1/n ( Xl ), 

where B 1 / n (x k ) denotes the ball in X with center x k and radius 1/n. Now put 

X n := span{xi, ■ • • ,x m }. 

It is easy to see that the corresponding II n satisfy ( 1591 and ( 1601) . 

("If":) Fix any sequence {x k ,k G N} C K. It suffices to prove that there is a subse- 
quence x^ such that x kl converges to some point x G X. For any n G N, since X n is finite 
dimensional, by (1391 there is a subsequence x, (n) and y n G X n such that Ii n x , («) converges 

to ?/ n as / — ► oo. By the diagonalization method, one can find a common subsequence x kl 
such that for any nGN 

lim ||II n x fci - y n || x = 0. 

I— >oo 

Noting that 

Hl/n — 2/m||x ^ ||n n Xfc ; — y n \\x + ||n n x fc; — y n \\x + Hn^x^ — -P m y n ||x, 

we have by ( 160]) that {y n ,n G N} is a Cauchy sequence in X. So, there is an x G X such 
that y n converges to x in X. By f[6"Uj) again, it is easy to find that x k{ converges to x in X. 
The proof is complete. □ 

Since we have assumed that Vt is a bounded domain in Theorem 12.81 H 1 = Wj^(fi) 
is compactly embedded in H° = L^(fi). Let < Ai ^ A2 ^ • • • ^ Xk — ► 00 be the 
eigenvalues of A, and $ := {e^; k G N} the corresponding orthonormal eigenvectors, i.e., 

Ae k = X k e kl (e fc ,ej) L2 = 5jy. (61) 

From this, one knows that the following Poincare inequality holds: 

v/AT- ||u|| L 2 ^ ||A3u|| L a, VuGH 1 . (62) 

Moreover, by (1211) and (|62"1) we have 

NIL ^ Co • \\Au\\v • HVu|| L2 . (63) 

We have: 
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Lemma 6.2. For e > ; let B t := {v G H 1 : ||v||hi ^ e}- Then B e is an absorbing set 
of {S(t);t ^ 0} ; i.e., for any bounded set U C H 1 , there exists ty > such that for any 
t > t u 

S(t)U C B e . 
Proof. By the chain rule and (|62|) . we have 

d||u|| 2 2 /di = -2^||Vu||^ -2^(||u||^)||u||^ < 
which implies 

l|u(t)||^ < lluoll^e- 2 ^. (64) 
As the calculation of (1321 . by Young's inequality we have 

d||A3u||2a I , ll9 2kN „ i ll9 

— — — — < -i/L4uf a H L43u 2 

dt f 



«C -z/||Au|| 2 2 + C VtK ■ N ■ || Au|| L 2 • ||u|| L 2 

< -^Pu|lL 2 +a, K "iV 2 .||u||2 2 



2 

Integrating this differential inequality yields that 



< -^■||^u|| 2 j2 +a,.-iV 2 .||u || 2 2 -e^. 



||A2 U (t)|| 2 2 ^ e- uXlt/2 
Hence, for any uq G H 1 



|^u || 2 2 + a,« • N 2 ■ ||u || 2 2 • (1 - e- 3 ^ t / 2 )/(i/A 1 )l . (65) 



lim H^uollki = I™ ||u(t)||^i = 0. 

The result follows. □ 

We now use Lemma [6. II to prove the following compactness result. 

Lemma 6.3. For any t > 0, S(t) is a compact operator from H 1 to H 1 , i.e., maps a 
bounded set in H 1 into a relatively compact in H 1 . 

Proof. Let U C H 1 be a bounded set. Let IT n be the projection operator from H 1 to 
span{e fc : k — 1, • • • , n}, i.e., 

n 

n„v := (v, e fc ) L2 e fc . (66) 



k=i 



First of all, by (l65l) we have 



sup sup ||n n 5'(t)uo||H 1 ^ sup HS^uoIIh 1 < +oo. (67) 

neN u GW u eU 



Write 

:=J-II 

By (|6"T]) and (1661) we have 



n 



Thus, from ([9]) we get 

n>(t) = n> -z/ f An>d s + f u c n B(u,u)ds - r^(||u|| 2 jn>d s . 

JO Jo JO 
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By the chain rule (cf. [19j P-176, Lemma 1.2]) we have 

A||n>(t)||^ = -2z/pn>||2 2 + 2(n^(u,u),n» H1 

2 \ llTTC„l|2 



Noting that 



^ -z/pn>||2 2 + I||n^(u, u )||2 2 . 



|n>f H1 = ||^n>||j< 2 < J-||An>||^ 2 

An 



and 

\\U c n B(u,n)\\l 2 < ||u|& • ||Vu||2 2 ^ C ■ \\Au\\v ■ ||Vu|£ 2 =: h(t), 

we have 

^l|n>(t)||^ + ^||n>||^^^. 

Solving this differential inequality yields that 

< e~ uXnt flKllHi+My e 2 ^ s ds\ (J h(s) 2 ds 

< ^ A i|u ||^ + ^i=f /%) 2 d S ) . 

On the other hand, by (fTTJ) we have 

/ h(s) 2 ds^ sup ||Vu( S )||6 2 / p u ||jU^-( — ||u |£ 2 + ||Vu |£ 2 ) . 

Hence, by \ n j oo we obtain 

lim sup ||II£S'(i)uo||Hi = lim sup ||Il^u.(t) ||^ji =0, 

which combined with (I67p yields by Lemma I6TT1 that S(t)U is relatively compact in H 1 . □ 

Proof of Theorem ES It follows from [20, p. 23 Theorem 1.1 and (1.12')] and 
Lemmas 16.21 and 16.31 
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